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Abstract
We say that a subgroup H is isolated in a group G if for each x ∈ G we have
either x ∈ H or 〈x〉 ∩ H = 1. Z. Janko, in his paper [J. Algebra, 465(2016), 41–61],
determined certain classes of finite nonabelian p-groups which possess some isolated
subgroups. In this note, a theorem of his paper is refined.
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In this note, we refine two results of Janko, which are [3, Theorem 4, Corollary 5]. The
notation are coincide with [3]. Now we need the following preliminary lemmas.
Lemma 1 Let G be a finite 2-group. If G has a proper subgroup H which is isolated in
G, then H is abelian.
Proof Let T ≤ G such that |T : H| = 2. Since H is isolated in G, H is isolated in T
and so o(x) = 2 for all x ∈ T − H. Let y ∈ H. Then o(xy) = 2. So yx = y−1. Hence
(ab)x = (ab)−1 for all a, b ∈ H. On the other hand, (ab)x = axbx = a−1b−1. So ab = ba.
i.e., H is abelian. 
Lemma 2 Suppose that G is a finite 3-group, M is maximal in G and g3 = 1 for all
g ∈ G−M . If [a, b] = 1 for some a, b ∈M , then [ax, b] = 1 for all x ∈ G−M .
Proof Let x ∈ G−M and y ∈M . Then (xy)3 = 1. That is, yxy = x−1y−1x−1. Now
[ax, b] = x−1a−1xb−1x−1axb
= x−1a−1(xb−1x)(xax)b
= x−1a−1(bx−1b)(a−1x−1a−1)b
= x−1a−1bx−1a−1bx−1a−1b
= (x−1a−1b)3 = 1.

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Lemma 3 Suppose that G is a finite p-group, and H is a proper minimal nonabelian
subgroup of G. If H is isolated in G, then H is isomorphic to S(p3)(a nonabelian group
of order p3 and exponent p).
Proof By Lemma 1, we have p > 2. Let T ≤ G such that |T : H| = p. Since H is
isolated in G, H is isolated in T and so all elements in T −H are of order p.
If p ≥ 5, then by [4, Corollary 3.4], T has at least two minimal nonabelian subgroups
of index p. Moreover, by [1, Theorem 2.7], we have cl(G) ≤ 3. It follows from [2, Theorem
7.1] that T is regular. Notice that T = 〈T −H〉 and all elements in T −H are of order p.
We have exp(T ) = p. Moreover, exp(H) = p. Hence H ∼= S(p3).
In the following, assume p = 3.
First, we claim that T ′ ≤ Z(H) = Φ(H). In fact, since H is minimal nonabelian,
Z(H) = Φ(H) and |H : Z(H)| = 32 by [5, Lemma 2.2]. Let h ∈ H − Z(H). It follows
from |H : Z(H)| = 32 that CH(h) = 〈h〉Z(H) and CH(h) is maximal in H. Notice that
∀t ∈ T−H, o(t) = 3. By Lemma 2, [ht, h] = 1. So ht ∈ CH(h). It follows that CH(h) E T .
Since |T/CH(h)| = 3
2, T ′ ≤ CH(h). Since h is arbitrary, T
′ ≤ Φ(H) = Z(H).
Next, we claim H ∼= S(33). Otherwise, exp(H) > exp(Z(H)). Hence a 6∈ Z(H) for all
a ∈ H with o(a) = exp(H). Let x ∈ T −H. Then o(x) = o(xa−1) = 3. Since T ′ ≤ Z(H),
1 = (xa−1)3 = x3[x, a](
3
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)[x, a, x][x, a, a]a−3 = [x, a]3[x, a, x]a−3.
Now, we consider [x, a, x]. Without loss of generality assume H = 〈a, b〉 and H ′ = 〈c〉.
Notice that [x, a] ∈ T ′ ≤ Z(H) = Φ(H) = 〈a3, b3, c〉. We may assume that [x, a] = a3ib3jck.
Since |H ′| = 3, H ′ ≤ Z(T ). So [ck, x] = 1. Hence
[x, a, x] = [a3ib3jck, x] = [a3ib3j , x] = [a3i, x][b3j , x] = [ai, x]3[bj, x]3.
Since o(a) = exp(H) > exp(Z(H)), o([x, a]3) < o(a−3) and o([x, b]3) < o(a−3). So
o([x, a, x]) < o(a−3). It follow that [x, a]3[x, a, x]a−3 6= 1. This is a contradiction. 
Lemma 4 [6, Theorem 4.5] Assume G is a finite nonabelian p-group and p an odd
prime. Then all minimal nonabelian subgroups of G are isomorphic to S(p3) if and only if
exp(G) = p or G = Hp(G) ⋊ 〈a〉, a semidirect product of Hp(G) by 〈a〉, where the Hughes
subgroup Hp(G) = B1 × B2 × · · · × Bn is an abelian subgroup of index p and o(a) = p.
Moreover, for all 1 ≤ i ≤ n, Bi〈a〉 is a group of maximal class with an abelian subgroup
Bi of index p, and all elements of Bi〈a〉 −Bi are of order p.
Lemma 5 Let G be a nonabelian p-group of exponent > p where p ≥ 5. If all minimal
nonabelian subgroups of G are isomorphic to S(p3), then NG(S) is of exponent p for any
minimal nonabelian subgroup S of G.
Proof Assume the contrary and exp(NG(S)) > p for some minimal nonabelian subgroup
S of G. Then there exists a ∈ NG(S) − S such that o(a) = p
2. Let L = S〈a〉. Then
|L| ≤ p5 and hence cl(L) ≤ 4. So L is regular. By [2, Proposition 10.28], L is generated
by minimal nonabelian subgroups. So exp(L) = p, a contradiction. 
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Theorem 6 (A refinement of [3, Theorem 4]) Let G be a nonabelian p-group of exponent
> p which is not minimal nonabelian. Then all minimal nonabelian subgroups of G are
isolated in their normalizers if and only if all minimal nonabelian subgroups of G are
isomorphic to S(p3), where p > 5.
Proof (⇐:) By Lemma 5, S is isolated in NG(S) for any minimal nonabelian subgroup
S of G.
(⇒:) By Lemma 1, p > 2. By Lemma 3, all minimal nonabelian subgroups of G are
isomorphic to S(p3). By Lemma 4, G = Hp(G)⋊〈a〉 has the structure described as Lemma
4. Assume p = 3. We will prove that this is a contradiction.
If cl(G) = 2, then G is regular. Notice that all elements of G−H3(G) are of order 3 and
G = 〈G−H3(G)〉. We have exp(G) = 3. This contradicts the hypothesis of exp(G) > 3.
If cl(G) ≥ 3, then there exists some j such that cl(Bj〈a〉) ≥ 3. Let M = Z3(Bj〈a〉)〈a〉,
where Z3(Bj〈a〉) is the third term of upper central series of Bj〈a〉. Then M is of maximal
class, and |M | = 34. By checking the list of groups of order 34, there is a c ∈ M such
that c3 6= 1. Let S be a minimal nonabelian subgroup of M . Then M ≤ NG(S). Since
c3 ∩ S 6= 1, S is not isolated in its normalizer. This is a contradiction. 
Theorem 7 (A refinement of [3, Corollary 5]) Let G be a nonabelian p-group which is
not minimal nonabelian. Then all minimal nonabelian subgroups of G are isolated in G if
and only if exp(G) = p.
Proof (⇐:) It is obvious.
(⇒:) Since all minimal nonabelian subgroups of G are isolated in G, all minimal non-
abelian subgroups of G are isolated in their normalizers. By Lemma 3, all minimal non-
abelian subgroups of G are isomorphic to S(p3).
Assume that exp(G) > p. Then, by Lemma 4, G = Hp(G) ⋊ 〈a〉 has the structure
described as Lemma 4. Since exp(G) > p, there exists some j such that exp(Bj〈a〉) > p. So
exp(Bj) > p and hence ℧1(Bj) 6= 1. Since Bj〈a〉 is a group of maximal class, |Z(Bj〈a〉)| =
p. Hence Z(Bj〈a〉) ≤ ℧1(Bj). Notice that Bj is abelian. Then there exists b ∈ Bj such
that Z(Bj〈a〉) = 〈b
p〉. Let D = Z2(Bj〈a〉)〈a〉, where Z2(Bj〈a〉) is the second term of upper
central series of Bj〈a〉. Then D is a nonabelian group of order p
3. So D ∼= S(p3). Since
1 6= 〈bp〉 = Z(Bj〈a〉) ≤ D, D is not isolated in G. This is a contradiction. 
Remark 8 (1) If G is the group in Theorem 6 and all minimal nonabelian subgroups
of G are isomorphic to S(p3), then, by Lemma 4, G has an abelian maximal subgroup
A of exponent > p with A = Hp(G). By Lemma 5, NG(S) is of exponent p for any
minimal nonabelian subgroup S of G. This means Theorem 6 contains all conclusions in
[3, Theorem 4(a)].
(2) The possibility (b) in [3, Theorem 4] does not occur. By Theorem 7, the p-groups
satisfying the hypothesis of [3, Corollary 5] do not exist.
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